In light of recent and probably upcoming observations of very high energy astroparticles, such as those reported by the IceCube collaboration, we readdress the energy loss mechanism by Lorentz violating particles. We analytically show that Cohen-Glashow's formula for energy loss is connected with a Poisson distribution for the number of decays, whose large fluctuations prevent placing bounds on Lorentz invariance violations. However, this model ignores the sharp change in the decay width after each process. We propose replacing Poisson statistics with a new distribution that takes this into account. We study the average final energy and its fluctuations according to the new statistics, contrasting it with Cohen-Glashow's result, and discussing the reliability of energy loss mechanisms to constrain violations of Lorentz invariance.
In light of recent and probably upcoming observations of very high energy astroparticles, such as those reported by the IceCube collaboration, we readdress the energy loss mechanism by Lorentz violating particles. We analytically show that Cohen-Glashow's formula for energy loss is connected with a Poisson distribution for the number of decays, whose large fluctuations prevent placing bounds on Lorentz invariance violations. However, this model ignores the sharp change in the decay width after each process. We propose replacing Poisson statistics with a new distribution that takes this into account. We study the average final energy and its fluctuations according to the new statistics, contrasting it with Cohen-Glashow's result, and discussing the reliability of energy loss mechanisms to constrain violations of Lorentz invariance.
I. INTRODUCTION
Placing limits on Lorentz invariance violating models has a twofold importance. On the one hand, Lorentz invariance is a cornerstone of the standard model of elementary interactions that enormously restricts the set of possible theories beyond the standard model -especially when imposed along with unitarity. Thus, constraining deviations from this symmetry is a key issue in the development of new physical theories. Furthermore, because of the infinite volume of the Lorentz group, this is suppose to be an endless research activity, unless a departure from this symmetry is ever found. On the other hand, from a more specific perspective, deviations from exact Lorentz invariance are motivated by some theoretical indications in several approaches to a quantum theory of gravity, ranging from string theory (see Ref. [1] for the first article and Ref. [2] for a review) to condensed matter analog models of gravity (see Ref. [3] ), just to mention a few of them (see Ref. [4] [5] [6] for reviews and extensive lists of references). An heuristic argument for the existence of such departures from Lorentz invariance is the presence of a fundamental length scale, related to the Planck length, in the physical regime where both quantum mechanics and gravitation must be taken into account, such as possible generalizations of the Heisenberg uncertainty principle (see Refs. [7, 8] ).
The insurmountable gap between the Planck energy and the accessible energies in man-made accelerators has made phenomenologists look for situations in which an amplifying mechanism makes a minute effect detectable with the help of a high precision measurement [9] [10] [11] or use the universe as a natural accelerator [12] [13] [14] [15] . As a recent example, the IceCube collaboration has reported the observation of 28 neutrinos with energies ranging from teens to one thousand of TeV [16, 17] . This observation has been used to put stringent bounds on Lorentz invariance violations in Refs. [18, 19] .
Deviations from exact Lorentz invariance may be classified according to two different properties: i) Whether they preserve a relativity principle or not. The formers are said to be deformations of Lorentz invariance, whereas in the latter case, the departures are classified as violations. ii) Whether the energy-momentum conservation law remains additive or becomes non-linear. In this work, we will readdress one of the most efficient means to constrain Lorentz invariance violations with a standard, additive energy-momentum conservation law: energy loss mechanisms.
Decays that are forbidden in Lorentz invariant theories may become permitted if this symmetry is not exact. Then, if a particle decays into itself plus other particles, which we will hereafter refer to as 'radiated particles', the symmetry breaking makes particles lose energy. If the energy loss increases with the amount of Lorentz invariance violation, the observations of high energy particles may be used to place limits on the size of the Lorentz invariant violating parameters (see Refs. [18] [19] [20] [21] [22] [23] [24] ). Reactions of this sort include: photon and neutrino splitting (γ → 3γ and ν l → ν l ν l ν l ), photon production by charged leptons and neutrinos (e ± → e ± γ and ν l → ν l γ), and pair production by neutrinos (ν l → ν l e + e − ), which will be the one we will use hereafter when specific information is needed; we refer the reader to Ref. [22] for all details about this decay. This latter process is only permitted if the incoming neutrino is superluminal 1 and its energy is above certain threshold. The presence of such finite threshold energy is a simple indication of the violation of Lorentz invariance, as energy transforms under Lorentz transformations.
The relation among energy loss, decay width, and path length so far used to constrain Lorentz invariance violations was given for the first time in Ref. [21] . After computing the energy loss in each decay in the following section, we will devote Sec. III to show that Cohen-Glashow's result is connected with the assumption that the number of decays along the flight path follows a Poisson distribution. We will calculate the uncertainty in the energy due to the fluctuations in the number of decays according to Poisson statistics, showing that they are so large that they prevent placing bounds on Lorentz invariance breaking from the observation of high-energy particles coming from far enough sources. In Sec. IV, we will provide a more realistic statistics for the number of events that gives a different average energy and much more restricted fluctuations, which do allow the use of energy loss mechanisms to constrain Lorentz invariance. The fluctuations in energy loss in each decay will be studied in Sec. V, whereas Sec. VI will be devoted to consider the generality of the results. We will finish with a summary and a discussion.
II. MEAN ENERGY LOSS IN EACH DECAY
Throughout this paper, we will deal with two independent sources of fluctuations. The first one is due to the quantum probabilistic nature of the decays: the number of decays in a given period of time or a flight path is not a fixed number, but a random one that follows a probabilistic distribution. We will write the symbol to denote average values with respect to this distribution. The second one has its origin on the fact that the daughter particles may distribute the parent particle's energy in several ways; therefore, the energy loss in each decay is not always the same, but it follows a probability distribution. Mean values related to this distribution, such as the one in the following equation, will be denoted by an overline¯. The average energy radiated by a particle with incoming energy E in each process is obtained by averaging with the differential decay width Γ(E, E )
where Γ(E) is the decay width and acts as a normalization of the distribution Γ(E, E ), and k is a dimensionless pure number between 0 and 1, which depends on the specific dynamical matrix element and the dispersion relation for free particles; see Fig. 1 for the specific case of pair production by superluminal neutrinos. The last equality is valid for a wide range of differential decay widths, as we will show in Sec. V. From now on, we will assume that the energy loss in each decay is a non-fluctuating number that equals the average value given in Eq. (1). In Sec. V we will return to this issue by studying the fluctuations around the mean value.
III. THE COHEN-GLASHOW MODEL MATCHES POISSON STATISTICS
The mean neutrino energy after n decays will be (1 − k) n times the initial energy. After having travelled a given distance x, the number of decays will be a fluctuating number. If we consider that the decay of a neutrino is independent of the number of previous decays, then we can obtain the final mean energy averaging the energy after n decays,Ē n , with a Poisson probability distribution
where E i ≡ E(x = 0) is the initial energy and N is the mean number of decays within this approximation and can be related to the distance of flight x
where 5 + 3 m is the power of the energy in the decay rate
and we have used this particular notation because it matches the decay rate for ν l → ν l e + e − when the dispersion relation for free neutrinos is E = p (1 + η m (p/Λ) m ); see Ref. [22] . Performing the integral in Eq. (3) and solving for N , we obtain
Replacing N in Eq. (2), we recover the expression for the final neutrino energy given in Ref. [21] (for the particular case m = 0)
where E t is the so-called terminal energy
or, in words, the terminal energy is the value of the final energy when this is much lower than the initial energy. Note that according to Eq. (4) the terminal energy does not depend on the initial energy; thus, we may replace the initial energy in the right-hand-side of Eq. (7) with any other value of the energy. Given the equivalence between the Cohen-Glashow result for the energy loss and the one computed in this section using a Poisson distribution, we will refer to this model as the Cohen-Glashow-Poisson (CGP) model from now on. Mean values are, however, not enough; the statistical fluctuations, or at least their estimates, are required to place sensible constraints on Lorentz invariance violations based on a probabilistic phenomenon like particle decay. If within this model we compute the standard deviation in the final energy owing to the fluctuation in the number of decays, we obtain
where in the fourth line we have made use of Eq. (2) and in the last step we have used Eq. (6) and have assumed that the initial energy is at least a few times larger than the terminal energy. This result would call into question recent analyses that only make use of the final average energy, but not of the fluctuations. And particularly those that are based on the observation of only a few events of high energy particles or those in which the initial energy is unknown, as the fluctuations grow with the initial energy. In Ref. [23] , on the contrary, the data are Monte Carlo simulated, and it is pointed out that the final energy in Eq. (6) does not have a sharp cut-off in the spectrum because of the finiteness of the baseline experiment (note, however, that according to Eqs. (6) and (8), the ratio between the standard deviation and the mean increases as the path length grows). Nonetheless, the model based on Poisson statistics studied in this section does not consider the fact that the variation of the decay rate with energy is entangled with the number of previous decays. Intuitively, this approximation, in which the dependence of the decay rate on energy is separated from the energy loss in each decay, should work only for those cases where in each disintegration a little amount of energy is radiated and the rate of decays dN/dx is high for a given initial energy; hence, according to Eqs. (1) and (5), the approximation is valid as long as k 1. In this limiting case, the mean value of the Poisson distribution is N Γ(E i ) x. However, this is not necessarily the case, and it is definitely not for the production of leptonic pairs by superluminal neutrinos. In Fig. 1 we can see that the values of k range from 0.7 to 0.8 .
We can see the inaccuracy of the Cohen-Glashow-Poisson model from another angle. In Refs. [21] [22] [23] , the left-hand side of Eq. (1) over the mean time between decays, 
m ) (see Ref. [22] , where k is ξ /ξ for the first matrix element andξ /ξ for the second one).
is identified with the instantaneous rate of change of energy, dE/dt. After integrating the differential equation, Eq. (6) is obtained. However, this identification is only correct if τ (E) is much lower than the flight path x for all the energies the particle may have along the path. As the minimum energy is the final energy, the relevant condition turns to be τ (E(x)) x. Note that as the flight path grows, the final energy decreases, and τ (E(x)) increases; therefore, the precedent condition is not equivalent to only consider long enough distances. More precisely,
so that τ (E(x)) x (i.e., the validity of Cohen-Glashow-Poisson approximation) requires that the radiated energy in each emission is very low, k 1 , besides distances much longer than the initial free path, Γ(E i ) x 1.
IV. DISTRIBUTION OF DECAYS FOR AN ENERGY-DEPENDENT DECAY RATE
In this section, we will take into consideration that after each emission the particle loses part of its energy, and this instantaneously affects its decay rate, while during the travel between emissions, the energy and the decay rate remain constant. The probability distribution we propose is given by
with n = 1, 2, 3, ... andĒ n ≡ E i (1 − k) n the energy after n decays. That is, in words, the probability of n decays between the points 0 and x along the flight path (P(n; x)) is given by the probability of n − 1 decays between 0 and s, times the likelihood of an n th decay between s and s + ds (Γ(Ē n−1 ) ds), times the probability of no decay between s and x when n decays have taken place before (Q(n; x − s)), integrated to all possible values of s from 0 to x. Taking into consideration that the probability of no decay between 0 and x + dx after n decays is given by the probability of no disintegration between 0 and x times the probability of no decay between x and x + dx, which is, in turn, 1 minus the probability of a decay between x and x + dx, we obtain
thus,
Taking into account that there is no decay at the initial point Q(n; x = 0) = 1, we obtain
And we can then rewrite Eq. (11) as
This recurrence relation together with the initial condition
define the desired normalized probability distribution that will replace Poisson's in this work and are the central equations of this paper. 2 In the limiting case k → 0, the distribution P(n; x) tends to a Poisson distribution with mean value Γ(E i ) x; therefore, the Cohen-Glashow-Poisson model and the one presented in this section converge in this limit, in which the energy of the radiated particles tends to zero. On the other hand, let us remark that for an arbitrary k, the probability of each independent decay is different from the one given by the Poisson distribution corresponding to the instantaneous neutrino decay rate (note that this Poisson distribution is not the one in Sec. III that matches the Cohen-Glashow model). That is, if one knows with certainty that n − 1 decays have taken place at point x 1 , the probability that a single n th decay takes place between x 1 and x 2 is given by
with δx ≡ x 2 − x 1 , whereas according to the Poisson distribution corresponding to the instantaneous decay rate, the probability is
therefore, they only agree (for a general k) when δx is infinitesimal, where the agreement is expected as the probability is just the definition of decay rate. As the probability of no decay in a finite interval directly follows from the definition of decay rate, both distributions agree on the probability of zero decays, but not on the probability of a specific (nonzero) number of decays in a finite interval. According to the distribution of decays for an energy-dependent decay rate, the average final energy is
and the uncertainty due to the fluctuations in the number of decays may be characterized by the standard deviation
In Fig. 2 the final energy within this distribution as a function of the initial energy is contrasted with the CohenGlashow-Poisson model for the pair production by superluminal neutrinos process ν l → ν l e + e − . We see that both average energies agree each other for initial energies lower than the terminal energy. However, for larger initial energies, whereas in the Cohen-Glashow-Poisson model the mean final energy (thin magenta line) reaches a constant value (the terminal energy), in the more realistic model presented in this work, the mean final energy (thick blue line) oscillates between approximately 0.4 and 0.8 times the terminal energy. The reason why the final energy decreases in some intervals is that the increase in the initial energy is not able to balance out the energy loss due to a new decay (see Fig. 3 ). Regarding fluctuations, the standard deviation monotonically grows with the initial energy (see Eq. (8)) in the Cohen-Glashow-Poisson model (dotted line), while it is bounded in the realistic model (dashed line). Specifically, the average final energy plus three standard deviations is lower than 2.5 times the terminal energy.
Alternatively, in Fig. 4 the energy is plotted against the flight path travelled. We can notice that the CohenGlashow-Poisson average energy (thin magenta line) is an upper bound to the more realistic energy presented in this (1 + η0) ) and k = 0.8 (so that it approximately applies to the two dynamical matrix elements considered in Fig. 1) . Note that the horizontal axis uses logarithmic scaling. 3 . Average final energy after a given distance travelled (in terms of the terminal energy for this given distance) and average number of decays against initial energy (in terms of terminal energy as well) for an energy independent velocity (E = p (1 + η0)) and k = 0.8 (so that it approximately applies to the two dynamical matrix elements considered in Fig. 1 ). Note that the horizontal axis uses logarithmic scaling.
work (thick blue line), which has the expected staircase shape, where in each step the 80% of the energy is radiated away. In addition, after exactly one mean free path x = l(E i ), the particle has one-half of the initial energy, that is, the average energy loss in each decay times the probability of a decay after a mean free path, as the probability of two or more decays in the first mean free path is negligible ( k (1 − P(0; l(E i ))) = k (1 − 1/e) 0.5 ). On the other hand, the agreement between both models for long enough distances is specious and due to the scaling of the graph; a logarithmic vertical scaling would show (as we have checked) that they do not approximate each other, in accord with what was discussed in Sec. III.
V. FLUCTUATIONS IN EACH DECAY
In addition to the fluctuations in the number of disintegrations, there is another source of uncertainty due to the range of energies one particle may lose in each decay, in other words, due to the deviation of the distribution Γ(E, E )/Γ(E) from a Dirac delta function. For the sake of clarity and succinctness, let us focus on electron-positron pair radiation by superluminal neutrinos in the specific case of an energy-independent speed; see Fig. 5 . The mean energies for the outgoing neutrinos areĒ = 0.22 E andĒ = 0.19 E (equivalently, k = 0.78 and k = 0.81, see Eq. (1)) for the first and second dynamical matrix elements of Ref. [22] , respectively. And the standard deviations are 0.34 and 0.15, respectively. As another significant feature of these differential decay widths, the probability that the outgoing neutrino has half or more of the incoming neutrino's energy is just 0.067 and 0.050 . Realistic   FIG. 4 . Energy (in terms of a given initial energy) against distance travelled x (in terms of the initial mean free path l(Ei) ≡ Γ −1 (Ei)) for an energy-independent speed (E = p (1 + η0)) and k = 0.8 (so that it approximately applies to the two dynamical matrix elements considered in Fig. 1) . Note that the horizontal axis uses logarithmic scaling. FIG. 5. Differential decay rate for two of the dynamical matrix elements reported in Ref. [22] in the case of energy-independent velocity (E = p (1 + η0) ). E and E are, respectively, the energies of the incoming and outgoing neutrinos.
Nevertheless, even though the probability distributions Γ(E, E )/Γ(E) for the reaction ν l → ν l e + e − are not especially concentrated around any specific point, this does not have a strong impact on the final energy uncertainty because this is not very sensitive to variations in k for a given distance of propagation and initial energy. An especially simple way to see it is to compare the terminal energy for two different values of k
This, together with the low probability of losing less than the 50% of the energy in each process for this specific reaction, makes the fluctuations in the final energy due to the uncertainties in the energy loss in each process small. In processes involving other particles, in which the probability of radiating a tiny amount of energy in a decay is not negligible, the fluctuations will be much larger.
VI. GENERALITY OF THE RESULT: MATRIX ELEMENTS AND DISPERSION RELATIONS
We have so far focused on pair radiation by superluminal neutrinos with an energy-independent speed (m = 0) to be concise. This is by far the most studied case; see, for example, Refs. [18, 19, 21, 24] . Nonetheless, one might wonder how general the preceding results are. We will address this issue in this section.
We have checked that the comparison between the Cohen-Glashow-Poisson model and the one we are presenting in this paper is not qualitatively affected by changes in the dispersion relation (changes in m) and the corresponding small modification of k according to Fig. 1 . By considering a larger range of values of k, we expect to illustratively cover other possible decays, such as some of those mentioned in the introduction of the present work, keeping in mind that there are peculiarities in each of them. For example, photon and neutrino splitting require dispersion relations with energy-dependent speed, photon production by neutrinos is a radiative (loop-suppressed) decay, and superluminarity is needed to create charged lepton pairs. We, however, remark that k enters through Eq. (1), and the single condition for this equation to work is that the differential cross section verifies
with f an arbitrary function and α a real number. 3 This does not seem a restrictive requirement to fulfil in a decay, provided that energies are high enough to neglect masses. With this motivation, let's see how the value of k affects the results of this section. In Fig. 6 we can see the value of the final energy for k = 0.5 (above) and k = 0.2 (below), to be contrasted with Fig. 2 (k = 0.8) . Some comments are in order: first, and most important, we can check that the Cohen-Glashow-Poisson average energy is an approximation to the realistic one for k 1 (low energy loss in each reaction, high rate of emission), as we expected from the discussion at the end of Sec. III; second, the lower the value of k is, the lower the fluctuations are.
VII. SUMMARY AND DISCUSSION
Given the lack of experimental data suggesting energy loss mechanisms due to Lorentz invariance violation, let us contrast the Monte Carlo simulation in Ref. [23] with the analytical model presented in this paper. The spectrum of that simulation for the energy-independent speed case (n = 2 in the notation of Ref. [23] ), in which only the process ν l → ν l e + e − contributes to the energy loss, may be summarized as having a bump between about 7 and 11 GeV (with a maximum in 9 GeV) and a tail that extends up to almost 30 GeV and has an amplitude about 10% of the amplitude of the bump. In this simulation, it is assumed that the parent neutrino's energy is evenly distributed among the daughter neutrino and radiated electron-positron pair in each decay, which means k = 2/3, and the average initial energy is about 28 GeV. Even though, according to Fig. 1 for m = 0, this value of k is slightly underestimated for an energy-independent velocity, this should not affect the spectrum very much, as the authors of Ref. [23] claim and we also argued in Sec. V. The terminal energy for k = 2/3 and x = 730 km, the distance used in the simulation, is E t = 13 GeV. As we will not use the specific shape of the initial spectrum adopted in the simulation, by no means will we attempt to make a careful comparison, but only an exploratory one. In our model, for k = 2/3, a particle with initial energy of 28 GeV has a negligible probability of not decaying (∼ 10 −4 %) and a probability of approximately 95% of decaying only once; therefore, the final energy is very concentrated around ≈ 1/3 · 28 GeV ≈ 9 GeV, in perfect agreement with the Monte Carlo simulation (note that it seems that the fluctuations in each decay have been neglected in the simulation, i.e., that neutrinos always lose 2/3 of their energy in each process). However, neutrinos with initial energies of 18 GeV and 55 GeV have a probability of 20% of decaying zero times and once, respectively, giving rise to final energies of 18 GeV, also in agreement with part of the tail of the simulation. However, according to our model, the tail should have a sharper cut-off at about 1.7 · E t 22 GeV (the probability that neutrinos with initial energies larger than 22 GeV and 66 GeV decay zero times and once, respectively, is equal to or lower than 1%), regardless of how large the initial energy is (see Fig. 2 , which is very similar to the one with k = 2/3). This difference is very significant because the sharp cut-off predicted by our model does allow us to place stringent bounds on Lorentz invariance based on energy loss mechanisms.
In summary, we have shown that the Cohen-Glashow formula for the average energy loss is connected with the assumption that the number of processes along the flight path follows a Poisson statistics. Using this relationship, we have computed the fluctuations in the final energy of the particles, showing that they are so large that they prevent us from placing stringent constraints in Lorentz invariance violations. This had been largely ignored so far. However, we have argued that Poisson statistics does not take into consideration the sharp change in the decay rate after each decay. To fix this, we have proposed a probability distribution in Eqs. (15) and (16) . The Cohen-Glashow equation for the mean final energy is an upper bound to the final energy averaged with the new distribution. Within this distribution, the fluctuations in the number of decays are much more limited, so that, luckily enough, it is possible to place bounds on Lorentz invariance violations. More specifically, our model gives rise to a cut-off in the spectrum at a few times the terminal energy, regardless of how large the initial energy of the particles is, at least for the pair production by superluminal neutrinos process, where the probability that a neutrino loses less than half of its energy in each decay is very small. We have also showed that the Cohen-Glashow final energy tends to the average final energy computed within the model presented in this paper when the fraction of radiated energy (the energy loss over the parent particle's energy) is much lower than one (note, however, that for the process ν l → ν l e + e − considered in Ref. [21] , the value of this fraction is about 0.8).
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